THE EQUIVARIANT BRAUER GROUP OF A GROUP 



S. CAENEPEEL, F. VAN OYSTAEYEN, AND Y.H. ZHANG 

Abstract. We consider the Brauer group BM'(fc,G) of a group G (finite or 
infinite) over a commutative ring k with identity. A split exact sequence 

1 — > Br'(fc) — > BM'(fc, G) — > Gal(fc, G) — > 1 

is obtained. This generalizes the Frohlich- Wall exact sequence ( 7 |5|) from the 
case of a field to the case of a commutative ring, and generalizes the Picco- 
Platzeck exact sequence ( 1131 ) from the finite case of G to the infinite case of G. 
Here Br'(fc) is the Brauer- Taylor group of Azumaya algebras (not necessarily 
with unit) cf. 1151 . The method developed in this paper might provide a 
key to computing the equivariant Brauer group of an infinite quantum group 
introduced in 151 . 



Introduction 

In IBHH], Frohlich and Wall introduced the equivariant Brauer group BM(fc,G) of 
a finite group G and a commutative ring k, consisting of equivalence classes of k- 
Azumaya algebras on which G acts as a group of automorphisms. In 7 Frohlich 
studied further the equivariant Brauer group of an arbitrary group over a field. 
BM(fc, G) can be completely described by the Brauer group Br(fc) and the sec- 
ond cohomology group H 2 (G,U(k)) via the following split exact sequence when 
Pic(jfc) = 1: 

I -> Br(fc) -> BM(fc, G) -> H 2 (G, U(k)) -> 1. 

If Pic(fc) ^ 1, then we replace H 2 {G,U{k)) by the group Gal(fe, G) of fcG-Galois 
objects (these are G-strongly graded rings having k as part of degree e). This 
sequence is originally due to Picco and Platzeck an d several variations and 
generalizations of it have appeared in the literature. Beattie generalized the 
sequence to the Brauer group of algebras with an action by a finitely generated 
projective cocommutative Hopf algebra, and Childs gave an exact sequence 
involving algebras with a finite abelian group grading inducing a coaction, using 
a bilinear map. All the generalizations (see [2. for a detailed discussion) have in 
common that the (co)acting group or Hopf algebra is finite. 

The aim of this note is to extend the Picco-Platzeck exact sequence to infinite 
groups. We can still introduce the invariants Gal(fc, G), H 2 (G, U (k)) and BM(fc, G), 
and define a map ir : BM(fc, G) — » Gal(fc, G), but the problem is that tt is in general 
not surjective if G is infinite. The idea is then to replace the Brauer group by the 
Brauer-Taylor group. Taylor defined the Brauer-Taylor group Br'(fc), consisting 
of equivalence classes of Azumaya algebras without a unit. If k is noetherian, then 
there is an isomorphism between Br'(fc) and the second etale cohomology group. It 
is known that the second etale cohomology group, and, a fortiori, Taylor's Brauer 
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group is not always torsion, and it follows from Gabber's Theorem ^3^2 that the 
classical Brauer group Br(fc) is exactly the torsion part of Br'(fc). 
Let G be a group, and consider Taylor- Azumaya algebras on which G acts as a group 
of automorphisms. Such a Taylor- Azumaya algebra is called a G-module Taylor- 
Azumaya algebra. The set of isomorphism classes of G-module Taylor-Azumaya 
algebras modulo Morita equivalence is a group, called the equivariant Brauer- Taylor 
group of G and fc. 

In Sections 11.11 and 11.21 we recall some facts about the Brauer- Taylor group and 
about the group of Galois objects. Our methods will be based on the theory of 
multiplier algebras and multiplier Hopf algebras, and these are briefly discussed in 
Sections 1 1 . 31 and f 1 . 41 The equivariant Brauer- Taylor group is defined in Section ??. 
In Sectional we define the group homomorphism ir from the Taylor-Brauer group to 
the group of fcG-Galois objects and show that ir is surjective and split. The main 
result is the exact sequence in Theorem 12.121 describing the equivariant Brauer- 
Taylor group as the direct sum of the Brauer- Taylor group and the group of fcG- 
Galois objects. 

We will use the following notation: if C is an object of a category, then G will also 
be a notation for the identity morphism on G. 

1. Preliminaries 

1.1. Taylor-Azumaya algebras. In ^5], Taylor introduced a Brauer group con- 
sisting of equivalence classes of Azumaya algebras without a unit. This new invari- 
ant was investigated further in @JE]- Our main reference will be 0- 
Let fc be a commutative ring, and A a k- algebra, not necessarily with unit. We call 
A a unital fc-algebra if the canonical morphism A ®a A — > A is an isomorphism. In 
a similar way, a left A-module M is called unital if the canonical map A® a M — » M 
is an isomorphism. An algebra with unit is unital, and then any module is unital. 
If A is a unital algebra, then a-M u will be the category of unital left A-modules. 
Unital right modules and bimodules are defined in a similar way. 
If A is a unital fc-algebra, then the enveloping algebra A c = A ® A op is also unital. 
The center of A is defined as Z(A) = Endyic(A). If A has a unit, then we recover 
the classical definition of the center. From the fact that A 2 = A, it follows that 
Z(A) is a commutative fc-algebra with unit, and A is a Z(A)-algebra. Ai (resp. 
A r ) will be our notation for A when viewed as a left (resp. a right) A e -module. We 
can define (strict) Morita contexts connecting unital algebras in the obvious way: 
we require that the connecting bimodules are unital bimodules (see [21 Sec. 1.1]). 

Definition 1.1. Let A be a unital, faithful fc-algebra. A is called a Taylor-Azumaya 
algebra if it satisfies the following equivalent conditions. 

(1) There exists an invertible fc- module / such that the functors 

F : k M -> A °M U , F(N) = A, ® N 

and 

H : A °M U k M, H{M) = (A r ® I) <g> A .I 
form a pair of inverse equivalences; 

(2) the pair of adjoint functors (F, Hi), with 

Hi : A *M U k M, H(M) = HoTa A «{A h M) 
is a pair of inverse equivalences. 
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For the proof of the equivalence of the conditions, we refer to Prop. 2.2.5 and 
2.2.8]. From the second condition, it follows immediately that a Taylor- Azumaya 
algebra is central. A Taylor- Azumaya algebra with a unit is a usual Azumaya 
algebra. More conditions characterizing Taylor- Azumaya algebras may be found in 
[21 Sec. 2.2, 4.2 and 4.3]. If A is a Taylor- Azumaya algebra, then the functors H 
and Hi from the definition are isomorphic. 

Consider two fc-modules M and M' and a surjective fc-linear map fj, : M' (g> M —> 
fc. We call M_ = (M, M',/i) a dual pair of fc-modules, and define the associated 
elementary algebra E(M ) = M ® M', with multiplication 

(1) (to ® m')(n ® n') = /u(m' ® n)m <8> n', 

for to, n £ M and m',n' E M'. Then E(M) is a Taylor- Azumaya algebra. M is a 
unital left E(M)-module, and M' is a unital right E(M)-module; the actions are 
given by the formulas 

(2) (to ® to )n = m[i[m! ® n) and n (to <8> to') = /i(n ® m)m . 

If E(M) has a unit, then M and M' are faithfully projective as fc-modules, M' = 
M*, and : M' ® M = M* ® M — > fc is the evaluation map. In this case, 
E(M) = End fe (M). 

Proposition 1.2. ^2, Prop. 3.1.1] Let A and B be Taylor- Azumaya algebras. The 
following assertions are equivalent. 

(1) A and B are Morita equivalent; 

(2) A (g) B op is an elementary algebra; 

(3) there exist dual pairs M_ and N_ such that A E(M) = B (g) E(A) as fc- 



Now consider the set Br'(fc) of Morita equivalence classes represented by a finitely 
generated Taylor- Azumaya algebra. Br (k) is a group under the operation induced 
by the tensor product (see Sec. 3.2]). We recall from |J that every Bat Taylor- 
Azumaya algebra is Morita equivalent to a finitely generated Taylor- Azumaya al- 
gebra. There exist examples of Taylor- Azumaya algebras that are not flat (see |3] 
or Sec. 4.3]). If fc is a field, then Br'(fc) = Br(fc). 

1.2. Strongly graded rings. Let fc be a commutative ring, and G an arbitrary 
group. A G-graded fc-algebra S is called a kG-Galois object if the canonical map 



is an isomorphism. This is equivalent to (see [21 Prop. 8.2.1]) 

• S is strongly graded, that is, S g Sh — S g h, for all g,h E G; 

• S e = k, where e is the unit element of G. 

The set of equivalence classes Gal(fc,G) of fcG-Galois objects forms a group under 
the operation induced by the cotensor product: 



algebras. 




geG 
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1.3. Multipliers. From ^H], we recall the notion of multiplier algebra of an algebra 
A. A multiplier of A is a pair (pi, p 2 ) consisting of a right A-linear map pi and a 
left A-linear map p 2 such that ap\(b) = p2{a)b for all a, b G A. If x = (pi, p 2 ) is a 
multiplier, then we write xb = p\(b) and &x = p 2 (b). M(A), the set of all multipliers 
on A, is a /c-algebra with multiplication (pi, p 2 )(p'i, p'2) = G°i Pit P2 P2) and unit 
(A, A). We have an algebra map A — > M(A); the multiplier corresponding to 
a e A is given by left and right multiplication. M(^4) is an algebra with unit 
(A, A). If A has identity, then A = M(A). Indeed, if x = (pi,p 2 ) G M(A), then 

= lpi(l) = p 2 (l)l = pa(l), and Pl (b) = l Pl (b) = p 2 (l)b, p 2 (c) = cpi(l). Let 
us compute the multiplier algebra of an elementary algebra. 

Proposition 1.3. Let M = (M,M',p) be a dual pair, and E = E(M) the cor- 
responding elementary algebra. Then the multiplier algebra M(E) is isomorphic 
to 

E = {(/, /') e£ix£ 2 I p(m'®f(mj) = (j,(f(m')®m), for all m G M, m' G M'}, 

where E 1 = End(M) and E 2 = End(Af')° p - 

Proof. We have a map 

a: ~E — ► M(E), a(f, /') = x = (pi = / ® M' , p 2 = M ® /')• 

It is straightforward to see that a: is a multiplier. 
Next we define 

P: M(E)^E, f3( P i,p 2 ) = (/,/'), 
with / : M -> M and /' : M' -> M' are defined as follows: 

f(m) = /Oi(m ® m'^iTii and f'(m') = rn! i p 2 (rrii ® m'), 

where m i <8> mi) = 1. We compute that 

pi(rn ® m') = pi((m ® m' i )(mi £g> to')) — /9i(m ® m^)m, ® m', 

i i 

^(m ® m') = p 2 ((m <8> m-)(mj ® m')) = m (8) m^pi(mi (g> m'). 

Since (pi,p 2 ) is a multiplier, we have, for all m, n G M and m',n' G M', that 

(m 0) m')pi(n <S> n) = P (m <8> f(n))m ® n 

= p 2 {m ® m)n ® n = fi(f (m) (8> n)m ® n', 

and it follows from the fact that E is faithful that (/, /') G E. finally, it is easy to 
see that a is the inverse of (3. □ 

1.4. Multiplier Hopf algebras. From we recall the definition of a multiplier 
Hopf algebra. If A is a unital algebra, then A ® A is again a unital algebra, with 
non-degenerate product. The tensor product M(A) <g> M(A) is in a natural way a 
subalgebra of M (A ® A), and the embedding A — > M(A ® A) factors through this 
map. A multiplier Hopf algebra is a unital algebra A together with an algebra map 
A : A ® A — ► M(A <g> A) such that A(o)(l (g> b) and (a <8> l)A(fr) belong to A® A 
for all a, b G ^4 and A is coassociative in the sense that 

(a <g> 1 ® 1)(A <g> A)(A(6)(1 <g> c)) = (A® A) ((0 1)A(6))(1 ® 1 <g> c) 
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for all a,b,c G A. In this paper, wc will need the following example of multiplier 
Hopf algebra. 

Example 1.4. Let G be a group. Let (kG)* be the dual of the group algebra kG. 
Let p g : kG — » k be the map defined by p g {h) — 5g,h> an d k(G) — ® g& ckp g . Then 
M(k(G)) = (kG)*. In a similar way, M(k(G x G)) = (kGxkG)*. There is a natural 
identification fc(G) <g> fc(G) ^ k(G x G), and M(k(G) ® fc(G)) ^ M(fc(G x G)). The 
multiplication on G induces an algebra map A : k(G) — » M(k(G) (g) fc(G)) given 
by (A(f))(p,q) — f(pq). One may use (informal) Sweedler sigma notation for the 
comultiplication: 



for p 9 6 fc(G). Moreover, we have that A(/i)(l <g> / 2 ) 6 fc(G) ® fc(G) and (/i <g) 
l)A(/ 2 ) G fc(G)<g)fc(G), for all /i,/ 2 £ fc(G). From the associativity of the multipli- 
cation on G, it easily follows that A is coassociative. Thus (k(G), A) is a multiplier 
Hopf algebra. 

1.5. The equivariant Brauer group. Let A be a fc-algebra and G be a group. If 

G acts as a group of fc-algebra automorphisms on A with trivial G-action on k, then 
we say that A is a G-module algebra. A Taylor- Azumaya algebra A that is also a G- 
module algebra is called a G-module Taylor- Azumaya algebra. If M = (M, M' , fi) 
is a dual pair, such that M and M' are G-modules, and 



for all g G G, m G M and m' G M', then E(M) is a G-module Taylor- Azumaya 
algebra, with diagonal action g ■ (m ® m') = g ■ m <£> <? ■ m'. We say that E(M ) is an 
elementary G-module algebra. 

Let A and B be unital G-module algebras. We can define (strict) Morita contexts 
connecting A and B, requiring that the bimodules in the Morita contexts are G- 
modules that are unital on both sides, and that the connecting bimodule maps 
preserve the G-action. We have the following generalization of Proposition 11.21 
The proof is an easy adaption of the proof of Prop. 3.1.1]. 

Proposition 1.5. Let A and B be G-module Taylor- Azumaya algebras. The fol- 
lowing assertions are equivalent. 

(1) A and B are Morita equivalent as G-module algebras; 

(2) A ® B op is an elementary G-module algebra; 

(3) there exist dual pairs of G-modules M_ and M_ such that A ® E(JVf) = B £g> 
EQV) as G-module algebras. 

Now we introduce the equivariant Brauer group BM'(fc, G) as the set of Morita 
equivalence classes of G-module Taylor- Azumaya algebras, represented by a finitely 
generated G-module Taylor-Azumaya algebra. It is a group under the operation 
induced by the tensor product. If k is a field, then BM'(fc,G) = BM(fc,G), the 
Brauer group of G-module Azumaya algebras. 



Let k be a commutative ring, A a unital fc-algebra, and G a group. kM G will be the 
category of graded fc-modules, and aM uG the category of G-graded unital left A- 
modules. Take an invertible fc-module /. The functors F and H from Definition ll.il 




heG 



p(g ■ m <S> g ■ m) — fj,(m' <g> m), 



2. The split exact sequence 
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send graded modules to graded modules. If A is a Taylor- Azumaya algebra, then 
H = Hi, hence Hi also sends graded modules to graded modules, and we have a 
pair of inverse equivalences (F, Hi), with 

F : k M G -► A *M uG , F(N) = Ai®N 

and 

H : A ,M uG -» fe M G , ff/(M) = Hom^e (A, M). 

In particular, if M is a G-graded unital left yl c -module, then Hom^c (A, M) is also 
G-graded. This means that every left A e -linear map / : A — > M can be decom- 
posed into a finite sum / = J2 g eG h> w ^ fg{A) C M g , for all g. 

Let A be a G-module algebra, and consider the smash product Sa — A^fkG, with 
multiplication 

(a#g)(b#h)=a(g-b)#gh, 

for a, b e A and g,h G G. We have an algebra map 77 : A — > 5a, 77(a) = a#lc, 
making ^4 into a subalgebra of 5 a . If A is a unital algebra, then Sa is a G-graded 
unital left A c -module, with left action (a <g> a') • (6#.o) = 06(5 • a')#g, and with 
G-grading given by deg(&#.g) = 5. 

Lemma 2.1. Let A be a G-module Taylor- Azumaya algebra. Then Hom^o [A, Sa) = 
Hi(Sa) is a kG-Galois object. 

Proof. We have already seen at the beginning of this section that Hi(M) is a 
G-graded module, for every G-graded unital left yl°-modulc M. Take <p,ip £ 
Hom^A, Sa)- The product of / and g is defined as follows: for all a e A, take 
en, a- G A such that a — J2i a i a 'i, an d put 

(ipip)(a) =^2ip(a i )ip{a' i ). 

i 

The product is well-defined because A = A ®a A, and both <j> and ip are A- 
bimodulc maps. It is easy to see that r\ is a unit for this multiplication, and that 
TAom. a<~\A,S a) is a G-graded algebra. It remains to be shown that the canonical 
map 

7 : HomAe(A, Sa) ® Hom^(A, Sa) -> HoniA-(A, 5a) ® fcG, 7(1/3 ® ip) = (pip ® h, 

if ■(/> is homogeneous of degree ft,. Since (F, Hi) is an equivalence of categories, it 
suffices to show that ^(7) = A®j is an isomorphism. Since (F, Hi) is an equivalence 
of categories, the evaluation map 

ev : A ® HornA" (A, Sa) — ► 5a, ev(a ® <p) = 95(a) 
is an isomorphism. Hence we have isomorphisms 

A <8> Rom A e(A, S A ) ® Hom A *(A, S A ) = S A ® HoniA^A, 5a) 
= 5a ®a ^4 ® Hom^c (A, 5a) = 5a <E>a S A - 
The composition of these isomorphisms is called a, and is given by 

a(ab ®ip®ip) = ip(a) ®a V'(o)- 

Also 

ev <g> fcG : A ® Honiie (A, 5a) ® fcG -> 5a ® fcG 
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is an isomorphism, and we define [3 by the commutativity of the following diagram: 

A 'V 

A <g> Kom A c(A, S A ) ® Horn^A 5a) ►■ A Hom^fA, 5a) ® fcG 



fcG 



5a ®a 5a 5a ® fcG 

It now suffices to show that (3 is an isomorphism. Take afj^g, 6#ft € 5a, and write 
cv~ 1 (a#g) = ^\ en® ipi, ev _1 (6#/i) = ^ . &j <g) V'j) with Vi an d V'j homogeneous 
of respectively degree g and ft. Then 

aC^aibj ®ipi®i)j) = y^ipijaj) ®ipj{bj) = {a#g) ®a (&#ft), 

hence 

(3{{a#g) ®a (&#ft)) = (cv <g> fcG)(,4 ® 7)(^ a A ® Pi ® 

= (cv <g> fcG)(^ aifej ® ® ft) = y^(y»V , j)(a»6j) ® ft- 

= <^K))(E ^-(6,)) = (a# 5 )(6#ft) = a(.g • 6)#.gft. 

« j 

A straightforward computation shows that the inverse of /? is given by the formula 
p-\{ab#g) ® ft) = (a^gft- 1 ) ® A (ftfT 1 ) ■ &#ft- 

□ 

We will now present some alternative descriptions of HomA<= (A, A#kG) . The first 
one is based on the fact that HoniAc(A, AffkG) is graded, and the second one is in 
terms of multipliers. Then we will show that there is an anti-algebra homomorphism 
to the multipliers of A. 

Lemma 2.2. Let A be a G-module Taylor- Azumay a algebra. The part of degree g 
of HomA<= (A, Afj=kG) is isomorphic to 

End« (A) = {f g G EndA-(^) | f g {ab) = f g (a)(g ■ b), for all a, b e A}. 

Consequently, every f € Hom^ (A, Af^kG) can be written uniquely as 

/(a) = 

seG 

with f g G End A (A), and only finitely many of the f g different from zero. 

Proof. Assume that / e HoniA<=(A A#kG) is homogeneous of degree g. Then 
f(a) € A#kg, for every a € A, so we can write f(a) = f g (a)#g- From the fact that 
/ is left ^4-linear, it follows that f g is left ^4-linear. From the fact that / is right 
A-linear, we obtain 

f g (a)(g ■ b)#g = f(a)b = f(ab) = f g (ab)#g, 
and the result follows. □ 
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Lemma 2.3. Let A be a G-module Taylor- Azumay a algebra. Then we have an 
isomorphism of algebras 

M(A#kG) A £ Hom A =(A, A#kG). 

Proof. Take a multiplier x = (pi,p 2 ) € M(A#kG). Observe that x G M(A#kG) A 
if and only if p\ is left A-linear and p 2 is right A-linear. We now define a map 

a: M(A#kG) A Kom A , (A, A#kG), a( Pl ,p 2 ) = f, 

with /(a) = p 2 (a#l). / is left yl-linear since (pi 7 p 2 ) is a multiplier, and from the 
fact that P 2 is also right A-linear, it follows that / is right A-linear. Thus / is an 
A-bimodulc map and hence a left A e -map. Next we define 

(3 : HoiriAe {A, A#kG) M(A#kG) A , /3(f) = ( Pl ,p 2 ), 

with 

Pi(a#.9) = /(o)(l#ff) and p 2 (a#.g) = (l#.g)/(. 9 - 1 • a). 
We remark that 1#<? G M(A#kG). pi is right yl#fcG-linear since 

Pi((a#g)(b#h)) = pi(o(s • 6)# 5 ft) = /(a( ff • b))(l#gh) 
= f(a)(g-b#gh) = Pl (a#g)(b#h). 

In a similar fashion, we can show that p 2 is left ^4-linear. We next compute that 
{a#g) Pl (b#h) = (a# 9 )/(6)(l#/i) = (l^)^" 1 • a#l)f(b)(l#h) 

= (l#5)/((.9^ 1 • a)b)(l#h) = (l^J/Cff- 1 • a)(6#/i) = p 2 (a#g)(b#h), 

and it follows that (pi,p 2 ) is a multiplier. From the fact that / is left ^4-linear, it 
follows immediately that p\ is left A-linear. p 2 is right yLlinear since 

P2((a#g)b) = p 2 (a(g ■ b)#g) = (l^/CG?" 1 • a)b) 
= (l#g)f(g- 1 -a)b = p 2 (a#g)b, 

where we now used the fact that / is right A-linear. This shows that (3(f) = 
{p\-,P2) € M(Aff=kG) A . It is clear that a is the inverse of (3. Finally, a is an 
algebra homomorphism. Indeed, if a(p\,p 2 ) — f and a(p\,p 2 ) = /', then 

ot[px o p[, p 2 o p 2 )(ab) = p' 2 (p 2 (ab#l)) = p' 2 (p 2 (a#l)b) 

= p^(p 2 (a#l)(6#l)) = p 2 (a#iy 2 (6#l) = f(a)f(b) = (ff)(ab). 

where we used the fact that p 2 is right A-linear and p' 2 is left ^4#/cG-linear. □ 

Lemma 2.4. We have an algebra anti-homomorphism 

p : Hom A o(A, A#kG) -> M (A). 

Proof. Take / G HomA<=(A, A#kG), and define p(/) = (a±, a 2 ) by 

o"i(a) = ^ fhih^ 1 ■ a) and er 2 (a) = ^ A (a), 

hEG h£G 

where we use the notation introduced in Lemma 12.21 It is straightforward to show 
that (<7i,cr 2 ) is a multiplier. Let us show that p is an anti-homomorphism. Take 
/,/' G HoiriA<> (A, A#kG) , and let p(f) = (a 1)CT2 ), p(f') = (a[,a' 2 ), p(ff') = 
( T i7 T 2 )- We have to show that r 2 = <j 2 o a' 2 and ri = a} oai. It suffices to prove 
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this for / and /' homogeneous, respectively of degree g and h. We then have that 
f(a) = f g (a)#g and /'(a) = /^(a)#/i, and we compute 

(ff')(ab) = (f a (a)#g)(f h (b)m = f g (a)(g ■ f h {b))#gh 
= f g (af h {b))#gh = f g (f h (ab))#gh. 

It follows immediately that 

r 2 (ab)=f g (f h (ab)) = (a 2 oa' 2 )(ab). 

We finally compute 

(a[ o a^ab) = f h {hr l ■ f^g' 1 ■ {ab))) = ^(V 1 ■ ((g- 1 ■ a)f g {g- 1 ■ b))) 
= ^(((h-'g- 1 ) • a) (h- 1 ■ f^g' 1 ■ b)j) = fUigh)- 1 ■ a)f g {g^ ■ b) 
= f g {r h {.{9h)- X ■ a){g- 1 ■ b)) - Uf'Mgh)- 1 ■ (ab))) = Tl (ab). 

□ 

Example 2.5. Let A be a Taylor- Azumaya algebra, with trivial G-action: g-a = a, 
for all g G G and a £ A. Then A is a G-module Taylor-Azumaya algebra, and 
AffkG = A® kG as fc-algebras. Furthermore 

Homvie(A, A® kG) = H.om. A *® k (A <8> fc, A ® kG) = Rom A .(A, A) ® fcG = fcG. 

Recall from 3 that an action by a group G on an algebra A with identity is called 
strongly inner if there is a group morphism / : G — > the group of units of 

A, such that g ■ a = f(g)af(g^ 1 ) for all g G G anda £ A. Obviously, this definition 
makes no sense if A has no unit. We then have the following generalization. 

Definition 2.6. Let G be a group and A a unital algebra. An action of G on A 
is called strongly inner if there exists a group morphism / : G — > U(M(A)) 1 the 
group of units of M(A), such that g ■ a = f(g)af(g^ 1 ), for all g G G and a G A 

It is easy to see that a strongly inner action of G on an algebra A can be extended 
to a strongly inner action on the multiplier algebra M(A) of A. 

Lemma 2.7. Let M_ = (M, M' , /i) be a dual pair of G-modules. Then the induced 
action of G on E(M) is strongly inner. Conversely, a strongly inner G-action on 
an elementary algebra E(M) is induced by a G-action on M . 

Proof. Let ip : G — » End(M) and ip' : G — > End(M') be the representation maps 
of G on M and M'. Then (tp(g), tp'ig^ 1 )) G 25 (see Proposition OJ since 

n(m (8> g 1 • to') = • m ® {gg 1 ) ■ rn!) = ^(g ■ m ® m). 

Let f(g) be the multiplier corresponding to (tp(g),ip'(g~~ 1 )), as in Proposition ED 
Then we compute 

g ■ (m (8 to') = tp(g)(m) ip'{g){ m ') = f{g)( m ® Tn')f(g~ ). 

Conversely, assume that G acts strongly innerly on an elementary algebra 2?. Then 
there exists a group morphism A : G -> U(M(E)) = U(E), X(g) = (f(g)J'{g)) G 
2? such that 

g ■ (m (8 m') = A(c?)(m <8> m')A(ff _1 ) = / ff (m) ® (m'). 
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Now define actions of G on M and M' by g ■ m — f g (m) and g-m! — f'Jm'). These 
actions are associative because F is a group homomorphism. Using the fact that 
(f(g)J'(g)) G E , we compute 

fi(g ■ m! ® g ■ m) = fi(f g -i (V) ® f g (m)) = n(m' <g> f' g -i(f g (m))) = p(m' ®m), 
so M is a dual pair of G-modules. □ 

Lemma 2.8. iei A be a G-module Taylor- Azumay a algebra. The G-action on A 
is strongly inner if and only i/Hom^e( J 4,^4#feG) = fcG as G-graded algebras. 

Proof. First suppose that the G-action is strongly inner. There exists / : G — » 
M(j4) such that g ■ a — f{g)af(g~ 1 ), for all 5 £ G and a e A The map 

a : A (8) fcG -> A#kG, a(a ® g) = af{g~ l )#g 

is an isomorphism of G-graded unital A e -modules. Consequently ® fcG) = 

Hi(A#kG) as G-graded modules, and it is easy to see that this is a morphism of 
G-graded algebras. Now we have seen in Example 12 . 51 that Hi(A <g> fcG) = fcG, and 
one implication follows. 

Conversely, assume that there exists an isomorphism of graded algebras 77 : fcG — ► 
Hom^o(v4, A#kG). The composition with the map p introduced in Lemma \'2. 41 is 
an algebra anti-homomorphism p o r\ : kG — > M(A). Therefore the map 

/: G^U(M(A)), f(g)=p(r ] (g- 1 ))=:(p hg ,p^ g ) 

is a group homomorphism. According to the computations in the proof of Lemma l2.4l 
and using the fact that 77(17) is homogenous of degree g, we have 

f(g)a = Pi.g(a) = v{g~ V ){g ■ a) and afig' 1 ) = p 2 , g -i{a) = 77(3), 
and it follows that 

f{g)af{g^ 1 ) = (v(g) ° v(g^ 1 ))(g •a) = g-a, 

as needed. □ 

Lemma 2.9. Let A and B be G-module Taylor- Azumay a algebras. Then we have 
an isomorphism of graded algebras 

a: Hom^e(A,A#fcGpHom B e(-B,-B#fcG) 

-» Hom (A8B) c((yl® B),(A® B)#kG). 

Proof. The part of degree g of the cotensor product on the left hand side is generated 
by /#/, with / : A — > Af^kG and / : B — > BffkG homogeneous of degree g. So 
we have /(a) = f g (a)#g, f(b) = f g (b)#g, for all a G A and 6e5 (see Lemma l2~2l . 
Now we define a(f (g> /) by 

«(/ ® f)(a <8 6) = (/» ® / ff (6))#9. 

It is clear that a(/ <8> /) is a morphism of left A-modules of degree g, and a is a 
morphism of graded fc-algebras. Any morphism of graded fc-algebras between fcG- 
Galois objects is an isomorphism (see % Prop. 8.1.10]), hence a is an isomorphism. 

□ 

Collecting the results of all the previous Lemmas, we obtain: 

Corollary 2.10. We have a well-defined group homomorphism it : BM'(fc,G) — > 
Gal(fc,G), given by tt[A] = [HomA°(A,A#kG)]. Ker (it) contains Br' (fc) . 
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Let B be a AG-Galois object. The inverse map of the canonical isomorphism 
(3 : B eg) £? — > i? (g) fcG induces the Miyashita action of G on B (see |12|): 

(3) g-rb^XfbY?, J2 X ?® Y ? = P~ 1 ( 1 ®ti- 

The G-graded module £? with the Miyashita G-action © is a Yetter-Drinfeld 
module, that is, the G-action and the G-grading satisfy the compatibility relation 
g^b a E B gag -i, for every homogeneous element b a E B a and g E G. Moreover, £? 
is quantum-commutative in the sense that 

(4) b a a = (a^a)b a 
for all a E B, b a E B a . 

Lemma 2.11. The group homomorphism 7r is split surjective. 

Proof. Let B be a fcG-Galois object, and consider the multiplier Hopf algebra k(G) 
from Example 1 1.41 We show that A = _B#fc(G) is a G-Taylor-Azumaya algebra and 
ir(A) = B. Since A is clearly flat, A will be equivalent to some finitely generated 
G- Taylor- Azumaya algebra. By [171 Thm.4.3], there exists a strict Morita context 

{B#k(G),k, B,B, [,],(,)} 

where [a, 6] = ap e 6 = X) a (Pg ' fyi^Pg-i an d (a, 6) = (a&)e for all a,b E B, and e is 
the identity of G. It follows that A is isomorphic to the elementary Taylor- Azumaya 
algebra E(B_), where B_ = (B, B, [, ]). So A is a G-module Taylor- Azumaya algebra. 
Define <j> : B -> 7r(A) by 

<Kk) = 52{(9->*>*)#P g )#0 G M(A#kG) 
geG 

for all homogeneous G 5^. It is obvious that is graded. We show that is 
a well-defined algebra map. First we verify that <fi(B) C 7r(A). Let a; = as#Ph G 
A = B#fc(G) and 6 CT eB ff . Identify x with x#l in A#kG. Then we have 

^(& CT )(z#l)=0(6 ff )[(a 5 #pfc)#l] 

= I^[((s-M#p g )#*#wo#i] = E[((-9-^)#p 9 )(^#p/ 1CT -o]#^ 

sec 9 GG 

= X^ 5 ^x)(p 3(1) ' a s)#Pg(2)Pha- 1 )]ifcr = ^2[(g-rb a )a s )#p s -i g p h(T -i]#a 
gee g eG 

= [(<5/iCT _1 ^& (T )a 5 #p, lCT -i]#(T = [a5{ha~ l -rb a )#p ha -i]#a, 
by Q. On the other hand, we have g^b a E B gag -i and 

(x#l)0(M = ^[(a d -#p,0#lH((.9-M#P 9 )#^] 

96G 

= X^ ^' 1 ^ 3 ^^)^?)]^ 7 = ^2i a s(PHi) ■ (g-?b a ))#p h{2) p g )]#(T 

geG geG 

= ^2[ a s{g^b a )#p ga -i g -i h p g )}#a = [asiha^^b^phv-i]^. 
gee 
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Thus we have (x#l)4>{b) = <j>{b){x#l) for all x £ A and b e B. So <j>{B) C tt(A). 
Next we show that 4> is an algebra map. Let a CT G B a and 65 £ _B<j. Then 

<f>[a a )<t>{b s ) = E((5^)#P fl )#<T][2((^6«)#p h )#tf] 

gGG heG 

= ^ [(<?-a.)#P 3 ][(^& 5 )#^-i]#<T<5 
9, feeG 

= XI [(-9^ a ^)(P9(l) • ( h ^ b s))#Pg { 2)Pha-i}#°S 
g,heG 

= [(■9^ a ff)( /l - 7& 5)#P(ft < 5h-i)-i 3 P/ lCT -i]#0-^ 
g,heG 

[(t^-ra ff )(t £ r-,6 J )#p t ]#t7« = ^[t^((«r^a CT )(^& 5 ))#p t ]#a<5 



tGG tGG 



[t^((a^b s )a r7 )#p t }#a5 = \ [t- r (a r7 b s )#p t }#a5 = 0(a CT 6 5 ), 



tGG tGG 



where 8 a = aba 1 . In the eighth and ninth equality, we used the quantum-commutativity 
Q of B. Finally, (f> is an isomorphism since B and n(A) are A:G-Galois objects. □ 

We can now prove the main result of this paper. 

Theorem 2.12. Let G be a group and k a commutative ring. Then we have the 
following split exact sequence 

(5) 1 -> Br'(fc) -> BM'(fc, G) — % Gal(fc, G) -> 1. 

Proof. By Lemma f2. Ill it suffices to show that Ker (7r) = Br'(fc). Let 1 : Br'(fc) — » 
BM'(fc, G) be the canonical embedding. We define a group morphism £ : Ker (71") — > 
Br'(fc) by forgetting the G-action on G-module Taylor- Azumaya algebras. It is easy 
to see that £ o c is the identity automorphism of Br'(fc). Thus C is a surjective map. 
We show that £ is injective as well. Let A be a G-module Taylor- Azumaya algebra 
such that the underlying algebra A is elementary, say A = E(M) for some dual pair 
of A;-modules M = (M, M',fi). Since w(A) = kG, it follows from Lemma \'2. 81 that 
the G-actions on A and on E(M) are strongly inner. By Lemma \'2. 71 there exists 
a G-module structure on M_ that induces the G-module structure on E(M), hence 
[E{M_)\ = 1. □ 

If k is a field, Br'(jfe) = Br(fc), Gal(fc, G) = H' 2 {G, k*), and BM'(fc, G) = BM(fc, G), 
and the exact sequence (0 is isomorphic to Frohlich's exact sequence Theorem 
4.1]. If G is finite, then the Picco-Platzeck exact sequence (cf. is a 'subse- 

quence' of (JSJ. In this case, it restricts to a surjective map on BM(fc, G) and the 
kernel of the restricted map ir is Br(fc). 

It is not hard to generalize the exact sequence (JHJ to the equivariant Brauer group of 
an infinite cocommutative Hopf algebra with an integral, which will yield the infinite 
version of Beattie's exact sequence 1 . The generalization to the equivariant Brauer 
group of an infinite quantum group seems far from obvious. 
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